We investigate the energetics of the electron-hole liquid in stoichiometric divalent-metal hexaborides. The ground-state energy of an electron-hole plasma is calculated using the random-phase approximation and Hubbard schemes and compared to the binding energy of a single exciton. Intervalley scattering processes play an important role in increasing this binding energy and stabilizing a dilute Bose gas of excitons.
The remarkable discovery of the high-temperature weak ferromagnetism in La-doped CaB 6 , SrB 6 , and BaB 6 has opened a new page in the physics of magnetism. 1 In our previous work 2 we attributed this effect to an unusual ground state of undoped divalent hexaborides. This so-called excitonic insulator is characterized by a condensation of bound electron-hole pairs ͑excitons͒. An excitonic instability in narrow gap semiconductors or semimetals was predicted 3 and studied theoretically in the mid-1960s. 4 However, its occurrence in any real compound is still controversial. Bandstructure calculations 5, 6 predict a small direct overlap in divalent-metal hexaborides between a boron-derived valence band and a cation-derived conduction band at three equivalent X points in the cubic Brillouin zone. This feature, together with absence of direct electric-dipole transitions between the two bands, is extremely favorable for electron-hole pairing and leads to the excitonic instability. Weak ferromagnetism develops, then, in a triplet excitonic insulator due to spontaneous time-reversal symmetry breaking under doping. 2, 7 There are many open questions in the physics of the excitonic ferromagnetism. Some of them have recently been raised in Refs. 8 and 9 . In the present paper we, however, want to shift emphasis to general properties of electron-hole (e-h) liquid in the hexaborides and, in particular, address recent optical reflectivity measurements on undoped CaB 6 , which have shown only a small spectral weight at low frequencies. 10 Charge conservation does not fix the number of e-h pairs, which in thermal equilibrium depends on the e-h chemical potential ͑band overlap͒. In the original theory of the excitonic insulator, the band gap ͑overlap͒ E G Ͼ0 (E G Ͻ0) was considered as a free parameter that changes continuously through the value E G ϭ0. Subsequently, investigation of optically pumped electrons and holes in semiconductors showed [11] [12] [13] that a first-order transition between two states, one with a substantial band gap and the other with a substantial band overlap, will occur and that smaller values of ͉E G ͉ lie in the unphysical intermediate region. Such a transition is strongly favored by multivalley structures of conduction and valence bands, which is indeed present in divalent hexaborides. One can argue, therefore, that stoichiometric CaB 6 is on the semiconducting side of the above transition. This interpretation fails, however, to explain unusual magnetic properties of undoped CaB 6 and SrB 6 and, in particular, the observed very high nuclear magnetic resonance ͑NMR͒ spin-lattice relaxation rate. 14 We suggest in this pa- . We now calculate the ground-state energy per e-h pair E g.s. at different densities.
At high densities, small r s , we use the random-phase approximation ͑RPA͒ ͑see, e.g., Refs. 12 and 13͒. Strictly speaking, a dense metallic e-h liquid can transform into an excitonic insulator. 3, 4 This assumption was a key starting point in our explanation of the high-temperature weak ferromagnetism in the hexaborides. 2 However, the ground-state energy correction from the excitonic instability in a semi- metal is of the order ⌬ 2 / F , where ⌬ is an excitonic gap and F is the Fermi energy. This correction is small (⌬Ӷ F ), so we neglect it. The kinetic energy per e-h pair is given by
where ␣ϭ(4/9) 1/3 and (ϭ3) is the number of valleys. The exchange energy for anisotropic bands is
The correlation energy describes the remaining contribution to E g.s. :
where ⌸*(q,) is the irreducible polarization operator and
is a sum of ͑anisotropic͒ RPA polarizabilities for each species of electrons or holes. Substitution ⌸*(q,) ϭ⌸ 0 (q,) in Eq. ͑3͒ gives the RPA expression for E c . An approximate way of treating the higher-order exchange corrections was considered by Hubbard. 15 His expression generalized to the multicomponent plasma is
with f (q)ϭ0.5q 2 /(q 2 ϩk F 2 ), k F is a Fermi momentum. We also change a integration from real to imaginary axis, which avoids a difficulty related to a plasmon pole in ⌸ 0 (q,). Numerical results for the ground-state energy are shown in Fig. 2 . The band degeneracy improves substantially the accuracy of the RPA, because corrections to the RPA diagrams have extra smallness in 1/2. The minimum of the ground-state energy is reached at r s ϭ0.92 with a minimum value E g.s. min ϭϪ1.55E x (Ϫ1.51E x ) in the RPA ͑Hubbard͒ scheme. The use of RPA is justified by a small value of r s at the minimum, which corresponds to a dense plasma with strong screening and small corrections from multiple e-h scattering. Such corrections become significant at r s տ3. The ground-state energy is also known in the limit r s →ϱ, where it approaches the binding energy of a single exciton E e . ͑Here, we disregard possible formation of exciton molecules.͒
The presence of a local minimum at metallic densities for E g.s. (r s ) has an important effect on transformation from a semiconductor to a semimetal. [11] [12] [13] The two possible scenarios are shown schematically in Fig. 3 . In the first case, curve (a), the local minimum is also the absolute one:
(r sA )ϽE e . The pair chemical potential is related to the ground-state energy by ϭE g.s. ϩn(‫ץ‬E g.s. /‫ץ‬n). At the extremal point the second term is zero and ϭE g.s.
min . Therefore, when the band gap decreases to E G ϭ͉E g.s.
min ͉, a first-order metal-insulator transition takes place. The number of e-h pairs jumps from zero to n(r sA ). Smaller densities with r s Ͼr sA correspond to unstable states. In optically pumped semiconductors, where the number of carriers is fixed instead of the chemical potential, this effect leads to e-h droplet condensation. 13 In the second case, curve (b), the exciton energy lies below the metallic minimum. Semiconducting state becomes unstable at E G ϭ͉E e ͉ and transforms into a low-density exciton gas. If E G is further reduced, a firstorder transition of a gas-liquid type takes place between two states B 1 and B 2 , which have the same pressure P ϭn 2 (‫ץ‬E g.s. /‫ץ‬n). The second case curve ͑b͒ is believed to be realized in isotropic one-component e-h plasma, whereas in Si, Ge, and many other semiconductors, band degeneracy favors the first case curve ͑a͒ bypassing a free exciton gas state. 12, 13 To check which of the two scenarios occurs in the hexaborides, we now compare the above value of E g.s.
min to the binding energy of a single exciton. The simplest estimate for the exciton energy is ϪE x . It is obtained by substituting an isotropic 1s-type wave function into the Schrödinger equation. This estimate predicts the same binding energy for excitons formed by an electron and a hole from the same or from different valleys. We improve this result by using a simple ansatz appropriate to the cylindrical symmetry of the bands near each of the X points similar to the treatment of shallow donor states. 16 The binding energy of an electron and a hole from the same valley is E e ϭϪ1.12E x (͗a X † b X ͘ 0), whereas an electron and a hole from different valleys have E e ЈϭϪ1.02E x (͗a X † b X Ј ͘ 0). The former case with a more anisotropic reduced mass tensor is favored since lower dimensionality gives, as usual, a stronger binding. Thus, band anisotropy favors one particular type of excitons diagonal in the valley index. The increase of the actual exciton binding energy in this approximation is not sufficient to stabilize a dilute exciton gas.
The dominant charge-charge interaction ͓Fig. 1͑a͔͒ leaves threefold degeneracy of the excitonic level corresponding to independent e-h pairing at three equivalent X points. Coherence between e-h pairs at different X points is established by intervalley scattering of excitons. These processes are presented in Fig. 1͑b͒ and require a large momentum transfer. Therefore, the corresponding scattering amplitude g q is generally weaker than the dominant vertex Fig. 1͑a͒ by one or two orders of magnitude. To include intervalley scattering one must solve a system of three coupled integral equations for a three-component excitonic wave function (r). The scattering matrix element g q includes a large momentum transfer on Qϭb/ͱ2, where b is an elementary reciprocal lattice vector. Consequently, we can neglect its momentum dependence and estimate
Here, summation is over reciprocal lattice and F G aa (X,XЈ) is a form factor 4 of two conduction-band states at points X and XЈ. The absence of the dielectric constant in the Fourier transform of the Coulomb potential reflects a lack of lattice screening for these processes. Another vertex, which has the same strength g q but does not contribute to the electron-hole pairing, is shown in Fig. 1͑c͒ . Several other intervalley vertices correspond to processes, when an electron transforms into a hole. However, they correspond to higher momentum transfers and we neglect them. Generally, the form factors in Eq. ͑5͒ reduce the matrix element compared to the amplitude of a Coulomb potential by a factor of ϳ2 -5 and can also change the sign of g q . Nevertheless, in the absence of necessary numerical band-structure results we use a somewhat optimistic estimate
Returning back to a spatial form of the Schrödinger equation we obtain a contactlike interaction of excitons in different valleys with a strength g. Since the total exciton momentum vanishes, eigenstates of the Schrödinger equation are classified according to the irreducible representations of the cubic point group O h . Treating perturbatively the intervalley scattering, we find E e1 ϭE e Ϫ2 for a nondegenerate exciton state with the A 1 symmetry ϳ B (r)(1,1,1) and E e2 ϭE e ϩ for a degenerate doublet with the E symmetry:
(1) ϳ B (r)(1,e 2i/3 , e 4i/3 ) and (2) ϳ B (r)(1,e Ϫ2i/3 ,e Ϫ4i/3 ), where B (r) is a 1s hydrogenic wave function. The coupling constant is
and, therefore, choice of the lowest-energy exciton depends on the sign of g. If interaction between excitons is attractive (gϾ0) the symmetric A 1 state has lower energy. If it is repulsive, then the E doublet is more stable. We estimate using unperturbed B (r) as ϭ0.15E x , which gives a further 30% increase in the binding energy of the A 1 exciton. The effect of intervalley scattering Figs. 1͑b͒ and 1͑c͒ on the ground-state energy of the metallic e-h liquid is shown by the dashed line in Fig. 2 . This correction is much smaller than a change of the exciton energy and does not exceed 3%. Qualitatively, such a difference is explained by different orders of the two corrections: for the metallic plasma it is a second-order effect, while the shift of the exciton energy is a first-order effect. Another effect of lifting threefold degeneracy of excitons in different valleys is suppression of multiexciton molecules.
As one can see from Fig. 2 the exciton energy still lies above the ground-state energy of the metallic phase, though the two energies move much closer to each other. However, our estimate for the intervalley scattering effect is, in fact, too conservative. The origin of extra enhancement is similar to the mechanism of anomalous hyperfine splitting of donor states in Si proposed by Kohn and Luttinger. 17 The actual exciton energy E e is shifted below the effective-mass result E e 0 because of both the intervalley scattering effect and a so-called central-cell correction. 18 A related change in the amplitude (0) is determined by a long-distance Schrö-dinger equation rather than by an exact short-range e-h Hamiltonian due to the following reason. Since the actual E e is different from the eigenvalue of the effective-mass equation E e 0 , there is no solution of the Schrödinger equation for this energy that satisfies both boundary conditions at r ϭ0,ϱ. Therefore, exponentially decaying at r→ϱ, the wave function corresponding to E e develops a singularity at short distances. The enhancement of the the wave function amplitude relative to the hydrogenic result is given by
where ⑀ϭ1Ϫ͉E e 0 /E e ͉ and a is of the order of lattice constant measured in units of Bohr radius a x . For a moderate 20% shift 18 of E e we estimate that the probability to find electrons near hole ͉(0)͉ 2 is increased by a factor of Ӎ4 compared to ͉ B (0)͉ 2 . This number must be compared to a factor of 10 enhancement obtained by Kohn and Luttinger for the case of donor states on phosphorus in silicon. 17 The described mechanism significantly increases , especially for the A 1 singlet. As a result, the excitonic level in the hexaborides should lie below the metallic minimum of E g.s. (r s ).
We have considered the relative stability of different phases of the e-h liquid in the hexaborides. They include a semiconducting state with no carriers, a dilute Bose gas of excitons, and a dense electron-hole liquid. The latter can be clearly distinguished from the other two states by its large spectral weight at low frequencies in the infrared optical conductivity (). Semiconducting and free exciton gas states, on the other hand, have no significant features in () because of the absence of direct optical transitions between the two bands. Which of the three states is realized depends on the band-gap parameter, E G . Small values of ͉E G ͉ϳE x ϭ0.08 eV, found in the band-structure calculations, 5, 6 indicate that the stoichiometric hexaborides can be close to the excitonic instability of the semiconducting state, which, as we argued for CaB 6 , transforms into a dilute exciton gas. If the band overlap is further increased, a gas-liquid transition between a dilute Bose gas of excitons and a dense e-h plasma takes place.
We predict that some of the above phase transformations can be induced in the hexaborides by applying hydrostatic pressure, which changes the band-gap E G . Our main result, stability of a dilute exciton gas in CaB 6 , allows us to interpret the seemingly contradictory results of the optical measurements 10 and the ͑NMR͒ relaxation rate data. 14 This observation also suggests a way to look at the Bose condensation of excitons. Another mechanism, to vary slightly E G , can also come from impurities or defects, in particular from La substitution. Therefore, doped hexaborides may differ from undoped compounds not only because of unequal numbers of electrons and holes, but also in terms of the appropriate starting point: a Bose gas of excitons or a dense e-h liquid.
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